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Abstract 

Several experiments are about to measure the CP asymmetry for B "ipKs a^^d other 
decays. The standard model together with the Kobayashi-Maskawa ansatz for CP violation 
predicts the sign as well as the magnitude for this asymmetry. In this note we elucidate the 
physics and conventions which lead to the prediction for the sign of the asymmetry. 



I. THE PROBLEM 



It has been pointed out some time ago that within the KM ansatz large CP asym- 
metries have to arise in B decays involving — oscillations. In particular the channel 
Bd combines a striking experimental signature with a clean theoretical interpreta- 

tion P]; therefore it is often referred to as the "golden mode". 

A first experimental information on the CP asymmetry in it has recently become avail- 
able The asymmetry is defined as follows 

where p{i/jKs) denotes the ratio of transition amplitudes 

while q and p relate the mass eigenstates to the fiavour eigenstates B^ and B^, (see below) . 
Two groups found 

T (^-( iT^ ^-j +(3-2-2 ± 0-5) OPAL Collaboration [3] 

l^P^ / I +(1-8 ± 1-1 ± 0.3) CDF Collaboration § ^ ' 

In reality the observable Im (^^'p{ipKs)^ is bounded by -1 and +1. It falls outside this range 

in the data since they require subtracting a background of uncertain size. Thus the numbers 

have to be taken with a grain of salt. Even so they indicate that values close to +1 are very 

strongly disfavoured. 

This raises the following question: Can one predict also the sign in addition to the size 
of the asymmetry? 

At first one might think that to be impossible. For A^Ks is a product of Im (^p){iljKs)^ 
and sin(AMB^t), see Eq. (|1 . 1|) . The observable sign of A^^s thus depends on the signs of 
both Im (^^'p{ipKs)^ and AMb^, and the sign of the latter cannot be defined nor determined 
experimentally in a feasible way - in contrast to the case with kaons. 

In this note we will show that the overall sign of the asymmetry A^Ks ^ a^id likewise 
for other asymmetries - can be predicted within a given theory for AB = 2 dynamics. For 



those who have thought about this question carefully, this has been known for a long time. 
Indeed it has been discussed in [Q. Yet it has not been explained with all its aspects and 
in full detail. As the question becomes experimentally relevant, we feel that it is important 
to display all the subtleties involved. The paper will be organized as follows: in Sect. |I| we 
discuss the theoretical evaluation of AM^, AMb^, and AMb^ together with AF^^; in Sect. 



rT| we analyze the phase of {q/p)p', in Sect. we address other conventions or proposals; 



in Sect. 0we lay out a proper definition of the angles in the unitarity triangle before giving 



a summary in Sect. VI. 



II. THE SIGN OF AM 



For our discussion to be more transparent, we adopt a formalism and conventions which 
are applicable equally to the — and the — complexes. 

Consider a neutral meson P carrying a quantum number F = —1; it can denote a or 
B^ . The time evolution of a state being a mixture of P and P is given by 



dt ^ ' ^ ^ 

where is restricted to the subspace of P and P: 

' a{t)' 



Assuming CPT symmetry, the matrix Ti is given by 

Mn-fFn M12 - |Fi2 
'12 ~ 2'- 12 ^"11 ~ 2-^ 11 

where 



H = M- -r 

2 \ M* - IF* Mn - iFi 



\{n; OUt\H^eak\P)\'' 
Mp - Mn 

{P\Hj\p=i\n; out) {n; out\H/^p=i\P) 



M. = (P|i/„-|P) + EP Mp-M„ 

Fn = 27iJ2S{Mp - Mn)\{n;out\HAF=i\P)\'^ 



(2.1) 



(2.2) 



(2.3) 



T22 = 2t:Y.5{Mp - M„)|(n;oMt|i/AF=i|P)r 

n 

ri2 = 27r ^ (5(Mp - M„)(P|/fAF=i|^; out){n- out\H ^f=i\P) ■ (2.4) 

n 

The coupled Schrodinger equations Eq. ( |2.1| ) are best solved by diagonalizing the matrix Ti. 
We find that 

\Pi)=p\P)+q\P)^ 

\P2)=p\P)-q\P), (2.5) 
are mass eigenstates with eigenvalues 

Ml - ^Fi = Mn - '-Tn + -(M12 - '-Tu) 
2 2 p 2 



M2 - = Mn - '-Tn - ^{M^ - '-Tu) 



(2.6) 



as long as 



VP/ M12 - f ri2 

holds. Obviously, there are two solutions to this condition, namely 



(2.7) 



M* — IF* 
^^^12 2 12 



(2.8) 



p ^Mi2-iri2' 

Choosing the negative rather than the positive sign in Eq.( |2.8| ) is equivalent to inter- 
changing the labels 1 ^ 2 of the mass eigenstates, see Eq.( |2.5| ), Eq.(p.6[). 

This binary ambiguity is a special case of a more general one. For antiparticles are defined 
only up to a phase; adopting a different phase convention - e.g. going from CP|P) = \P) to 
CP|P) = e^«|P) - will modify M12 - fEis = {P\n\P): 

Mi2-^ri2 - e'^lMu-'-Tu] (2.9) 

and thus 



yet leave the combination |(Mi2 — |ri2) invariant. This is as it should be since the differences 
in mass and width 

M2 - Ml = -2Re |^^(Mi2 - '-Tu)^ 
r2 - Ti = 4Im (|^(Mi2 - ^ri2) j (2.11) 

being observables, have to be insensitive to the arbitrary phase of P. 
Some comments are in order to elucidate the situation: 

• We can define the labels 1 and 2 such that 

AM = M2-Mi>0 (2.12) 

is satisfied. Once this convention has been adopted, it becomes a sensible question 
whether 

r2 > Ti or r2 < Ti (2.13) 

holds, ie.whether the heavier state is shorter or longer lived. 

• In the limit of CP invariance the two mass eigenstates are CP eigenstates as well, 
and we can raise another meaningful question: is the heavier state CP even or odd? 
Since CP invariance imphes arg = 0, | becomes a pure phase: ||| = 1. It is 
then convenient to adopt a phase convention s.t. M12 is real; it leads to | = ±1 and 
CP|P) = ±|-P) as remaining choices. 

- With ^ — +1 we have 
p 

\Pi) = ^{\P) + 1^)) 

\P2) = - \p)) (2.14) 

For CP|P) = |P), Pi and P2 are CP even and odd, respectively and therefore 
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M_ - M+ = Ma - Ml = -2Re -(Mi2 - -Tu) 

p 2 

= -2Mi2 (2.15) 

For CP|P) = — l-P), on the other hand, Pi and P2 switch roles; i.e. Pi and P2 
are CP odd and even now. Thus 

M_ - M+ = M2 - Ml = 2Mi2 (2.16) 
Alternatively we can set - = —1: 

\Pi) = -^m - \p)) 

\P2) = -^m + \p)) (2.17) 

while maintaining CP|P) = |P); Pi and P2 are then CP odd and even, respec- 
tively. Accordingly 

M_ - M+ = Ml - M2 = 2Re -(M12 - -Tu) 

p 2 

= -2Mi2 (2.18) 



Eg. ( p. 151) and Eq.( |2.18| ) on one side and Eg. ( p.l6D on the other do not coincide on 



the surface; yet, we will see below that the theoretical prediction for M12 changes 
sign depending on the choice of CP|P) = ±|P). Thus they all agree, of course. 

• Within a given theory for the P — P complex, we can evaluate M12, as discussed 
below. Yet some care has to be applied in interpreting such a result. For expressing 
mass eigenstates explicitely in terms of flavour eigenstates involves some conventions; 
see the examples above. Once we adopt a certain convention, we have to stick with it; 
yet our original choice cannot influence observables. It is instructive to trace how this 
comes about. 

The relative phase between M12 and ri2 on the other hand represents an observable 
quantity describing indirect CP violation. Therefore, we adopt the notation 



Mi2 = Mi2e^«, = ri2e^«e<, and iil = = re< (2.19) 

Ml2 Mi2 

The sign of M12 and ri2 are fixed such that ^, and ^ + C are restricted to he between — | and 
^, respectively; i.e., the real quantities M12 and ri2 are a priori allowed to be negative as 
well as positive] A relative minus sign between M12 and ri2 is of course physically significant, 
while the absolute sign is not. Yet, we will see that the absolute sign provides us with a 
useful bookkeeping device. 



A. AMk 

The two kaon mass eigenstates can unambiguously be labelled by their lifetimes as Kl 
and Ks. One can then address the question how they differ in other properties: data reveal 
that (i) the is ever so slightly heavier: > Ms and (ii) the Ks [Kl] is mainly CP even 
[odd]. We then adopt the conventions 

AM = M2-Mi, and AF = Ti - r2 (2.20) 

which make both differences positive: 

AMk = Ml- Ms > 0, ATk = Ts - Tl > 0. (2.21) 

Since CP violation is very small in the K system - (k = arg(r^/M]^) ^ 1 - we deduce 
from Eq. (|2.11| ) in the notation of Eg. ( p. 191) : 



AMk ^ -2M^^ and ATk ^ 2rf2. (2.22) 

We will show below that the standard model box diagram indeed reproduces the 'correct', 
i.e. observed sign for AMk (and - more surprisingly - even for ATk). 



B. AMb, 

The situation is qualitatively different here. While the two mass eigenstates will have 
different lifetimes, no useful experimental information exists on that. It is actually quite un- 
likely that such information will become available in the foreseeable future, since ATb^/Tb^ 
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is estimated not to exceed the 1% level f\. Thus we have to rely on a theoretical prediction 
of AMb,. 

We can confidently predict for Bd mesons 

|rBj«l. (2.23) 
Since we have to leading nontrivial order in r^^ 



(M|): 



we get from Eq. (|2.11|) 



AMb, = -2Mf2 and ATb^ = 2Tf^cosCBd- (2-25) 

Note that the expression for AM^^ is similar to the kaon case, albeit for a different reason, 
namely |ri2/Mi2| ^ 1 rather than arg <^ 1; the latter quantity is actually not small for 
Bd mesons. 



C. AMb, and Ar^^ 

There are two features that distinguish Bg from B^ decays in ways that are quite signif- 
icant for our present discussion. 

• While tb, 1 holds also for Bg mesons, AF/F might not be that small. It has been 
estimated p 

f^---°-''(2mhvJ- f = i(rB.,.+re.,). (2.26) 

Such a difference in the lifetimes of the two Bg mass eigenstates might actually become 
observable! This would raise the question whether the heavier state is longer or shorter 
lived. 



*Remember that Ts ^ F/, represents a kinematical accident! 
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• The AS = 2 effective operator for Bg obtained from the box diagram is dominated 
by the quarks of the second and third famihes only. It thus predominantly conserves 
CP invariance making the two Bs mass eigenstates approximately CP eigenstates as 
well. This has two consequences: 

1. Rather than fit the decay rate evolution for Bg Dy'n or Bs li/D^*^ with two 
separate exponentials, we can compare the lifetimes of the CP even eigenstate, 
as measured in Bg ^pV^ with the average lifetime obtained from Bg — ^ lvD^*\ 
We can also compare the lifetimes in Bg ip4> ior S- and P- wave final states 
being CP even and odd, respectively. 

2. We can raise the issue whether the CP even state is longer or shorter lived. 
As for Bd mesons, we have 



^^^(1-^smCBj (2.27) 



and 



AMs^ ~ -2Mf; and Ar^, ~ 2rf; (2.28) 

where we have used the prediction that Cb^; unlike Csj! is very small, since both M12 and 
are dominated by contributions from the third and second family only. 

D. Evaluating the sign of AM/^, AMb, and Ar^ 

After having established a notation equally convenient for the K and B (as well as D) case 
we calculate AMj^- and AM^. As is well known the dominant short- distance contribution 
to the effective AF = 2 interaction within the Standard Model is obtained from the box 
diagram. One finds 

7YS(AF = 2,/.)=(^)'m^. 

r]M\lE{x,) + r)u{fi)X^,E{xt) + 2r)MX,XtE{x„ Xt)] [q-f^{l - 75)<9]' + h.c. (2.29) 



where Q = s,b, and q = d,s] a{ denote combinations of KM parameters 

A? = V,qV*^, t = c,t, (2.30) 

and E{xi) and E{xi, xj) reflect the box loops with equal and different internal quarks (charm 
or top), respectively: 

E{x.) =xj] + - T^TT^-^] - I ( -^)\ogx, (2.31) 



^4 A{l-Xi) 2(l-x,)V 2Vl-Xi 

E{Xc, Xt) = XcXt 

3 1 



13 1 3 1 \ logxt 
4 21- Xt 4(1- xtY J Xt- Xc 



2 

mf 



Xi = T7t- (2-32) 



A{l-x,){l-xt) 

The riggi contain the QCD radiative corrections; they have been studied through next-to- 
leading level in order to understand the theoretical errors. We shall not go into the scale 
dependence as well as errors associated with uncertainties in Aqcd, ^t, etc. Such a discus- 
sion can be found in Ref. [|Tn|. For us it is important to note that they are all positive. 



These QCD corrections arise from evolving the effective Lagrangian from Mw down to 
the scale fi at which the hadronic expectation value is evaluated. The latter task is far from 
trivial even for a local four-fermion operator since on-shell matrix elements are controlled by 
long-distance dynamics. In principle the value of /i does not matter: the fi dependance of 
the AF = 2 operator is compensated for by the fi dependance of the expectation value. In 
practise however, the available methods for calculating these matrix elements do not allow 
us to reliably track their fi dependance or they are applicable only for /i ~ 1 GeV. Its size 
is customarily expressed as follows: 

{P\{qi,{l-l5)Q){qi,{l-l5)Q)\P) = -ppFl,Mp,P= [Qq] (2.33) 

which represents a parametrization rather than an ansatz as long as the value of Bp is left 
open. 

Bp = 1 is referred to as vacuum saturation (VS) since it emerges when only the vacuum 
is inserted as intermediate state. Let us see the origin of the minus sign. One obtains 
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(P|(g7;.(l -75)g)(g7M(l -75)g)|P)|^^ = ^(P|(g7;.(l -75)g)|0)(0|(g7M(l -75)g)|P) 

(2.34) 

upon inserting the vacuum intermediate state in the two types of box diagrams; this yields 
the colour factor 1 + 1/Nc = |. Setting 

(01(^7^(1 - l^)Q)\P{k)) = iFpk, (2.35) 
one finds with CP |0) = |0) and the convention CP|P) = - 



(P|(g7;.(l -75)Q)|0) = (0|(Q7m(1 -75)g)|P)^ = 
((0|CPtCP(Q7M(l - 75)g)CPtCP|P))t = -((01(^7^(1 - 75)^)1^))^ = iFpk, (2.36) 



smce 



CPQ(f)7^75g(x)CPt = -q{-x)n^Q{-x). (2.37) 

Several theoretical techniques have been employed to estimate the size of Bp. For a 
recent review, see Ref. [|ri|]. Again for us it is important that they all yield Bp > 0. | 
Within the Standard Model the short- distance contributions thus predict unequivocally 

Ma - Ml > (2.38) 

for K as well as B mesons. There are sizeable long distance contributions to AMk, which 
are estimated to be positive as well 0. In any case it would be quite contrived to expect 
them to cancel the short distance contributions. 



tThe VS result follows even with CP |0) = e^°|0). 

■I-The fudge factor is sometimes called the bag factor since the MIT bag model was at an 
earlier time considered to yield a relatively reliable estimate for its size. It might be amusing to 
note while the bag model yields Bp > as a very robust result, it is much less firm on Bk- both 
Bx > as well as B^ < emerge when varying the model parameters over a reasonable range! 
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With the definition CP|P) = \P) used here, K2 is the mainly CP odd state. Thus the 
Standard Model agrees with the experimental finding that Kl is heavier than Ks - a fact 
which is not often stressed in the literature. 

For the K meson system, the box diagram does not lead to a reliable prediction for AF^^ 
since the decay is dominated hj K —>■ mi which is anything but short distance dominated. 
The situation is quite different for AF^^ which is driven by [bs] — > "cc" —>■ [sb] transitions. | 
It is reasonable to expect a short distance treatment to provide at least a semi-quantitative 
description. Hence we predictQ 

AF^^ = T Bsfiven — ^Bs,odd > 0- (2.39) 



III. THE PHASE OF ^p{ij;Ks) 

Now that we know sin(AMt) describes the oscillations with positive AM, we need to 
know the phase of plipRs), which is defined by 



here we have used CPHab=iCP^ = H^b=-i- 

Adopting the convention CP \P) = +\P) we obtain 



(^irVAB=i|5,) = {ijK^\CP^CPHAB=iCP^CP\Bd) 

= -{^K'\HlB=-i\Bd) (3.2) 

where the minus sign refiects the fact that ipK'^ form a P wave. Thus 



^It is quite amusing that for AF^^ the sd — > "nn" ds transition gives the correct sign for AFi^-. 
**The question of the sign of AF^^ might remain academic for experimental reasons. Theoretically 
the situation is not so clear due to large GIM cancellations Q. 

11 



where V*^V^slVcdV*, ~ {^Y ■ From Eq.Q, we see that 



Putting everything together we find the asymmetry is given by 

sinAM^t ■ Im ('^vms) \ = -sin| AM^tl ■ Im (Ylt^YliYjA ^ 

^ sin|AM^t| ■ , , (3.5) 

(1 - pY + rj^ 

with the quantities rj and p referring to the Wolfenstein representation of the CKM matrix. 

With Tj inferred to be positive from e one concludes that this asymmetry has to be 
positive\ 

IV. DIFFERENT CONVENTIONS 

A. Using CP \P) = -\P) 

It is instructive to analyze what happens if one uses the equally allowed convention 

CP \P) = -\P) . (4.1) 
Various intermediate expressions change; e.g., repeating the steps of Sect. |11D| one has 



{Pm,{l - ^,)Q){dj,{l - 75)5)|P)|^^ = +^F|Mp , P = [Qq] (4.2) 



since now 



(P|(g7^(l-75)Q)|0) = -2Fp/c^ (4.3) 

That means that M12 changes sign; yet - as pointed out before - the two labels 1 and 2 
exchange their roles then as well, see Eg. ( 2. 161) . The prediction that is slightly heavier 



than Ks thus remains unaffected. 

Furthermore the sign of p{il)Ks) changes as well, see Sect. PT] . Thus the combination 



sinAMpt ■ \m.^p{%l)Ks) remains unchanged! 
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The ambiguity we have in the sign of AMb is thus compensated by a corresponding 
ambiguity in the sign of ^'p{il)Ks)- We can see this also in the following way: 

1. Changing q/p —q/v maintains the defining property {q/pY = — |r^2)/(^i2 — 
|ri2), see Eq.([^.7D, and cannot affect observables. 

2. Yet the two mass eigenstates labeled by subscripts 1 and 2 exchange places, see 
Eq.dl). 



3. The difference AM = — 2Re[^(Mi2 — |ri2)] then flips its sign - yet so does Im^pltpKs 

4. The product (sin AMst) • lm^p(ipKs) therefore remains invariant. 



B. Another approach 

The authors of define 

AMb = Mh-Ml (4.4) 

where H [L] stands for heavy [light]; AM is thus positive by definition. They also define 

\Bl) =p\B^) + q\^) 

|5j,)=p|50)-g|5°) (4.5) 

For clearity, let us imagine a world in which CP is not violated. Then it is sensible to ask if 
the CP even state is heavier or lighter than the CP odd state. For good reason they have 
not decided on this question, since there is a freedom in the sign of 



M* — ir* 
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V ^ M12 - f r 

If in computing the mass difference M2 — Mi turns out to be negative - yet we want to 
keep the convention CP \P) = \P) - we must choose the minus sign in Eq. ( |4.6| ). To 
say it differently: if we require AMb > we have to compute the sign of M2 — Mi to 
decide on the sign for q/p in Eq.( [4.6|) . Alternatively we can keep the plus sign if we adopt 
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CP \B^) — — In either case we must compute the sign of M2 — Mi. The convention 
we must adopt is not fixed in this approach until we perform the theoretical computation of 
M2 — Ml . We feel it is more natural to define a convention independent of prior theoretical 
computations. 
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FIGURES 



YtdYtb 



VudVub 




VcdVcb 



FIG. 1. The unitarity triangle for B decays. 



V. RELATION TO THE UNITARITY TRIANGLE 



To conclude our discussion we explicitely restate the connections between the angles in 
the unitarity triangle, the CKM parameters and observable CP asymmetries. 

The angles 0i, 02 and 03 are defined in Fig.[l|; as can be read off from Fig.^ they can be 
expressed by 



)i = vr — ar 



tb^td 



?2 = arg 
= arg 



(5.1) 



The CP asymmetry in Bd — >■ ipKs, which is driven by a single AB = 1 operator, is given 



by 



A^Ks = sin(AMBt)Im l^^pi^pRs) 
= sin(20i)sin(|AMs|t) 



(5.2) 



To the degree we can eliminate the Penguin contribution to Bd — tt^tt by, say, extracting 
the asymmetry for the isopin-two vrvr final state, we have likewise: 



A^n)i=2 = sin(AMBt)Im ( -p([7r7r]/=2) 
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Im 




sin(|AMijt|) ~ sin(|AMBt|)sin(202) 



(5.3) 



^1 




-YtdYtb 



VudVub 




yudVubt-^s 




-VcdVcb 



-VcdYcb 



FIG. 2. The unitarity triangle. 



VI. SUMMARY 



We have shown that the sign of the CP asymmetry in B^i i^Kg can be predicted 
within a given theory for AMb and ^p{tpKs) even if the sign of AMb cannot be determined 
experimentally. The same holds for Bd —>■ tttt etc. if one knows the weak operators driving 
these transitions. 

En passant we have reminded the reader that the Standard Model can reproduce the 
observed sign of AM^ (and roughly its magnitude) through short- distance dynamics f^. 

Our discussion illustrates that we can choose any convention we want - provided care is 
applied in treating everything consistently. We view it, however, as very useful to have a 
formalism for describing B oscillations that parallels that for kaons. Furthermore it is much 
more natural to invoke theory to decide on the sign of AMb- 
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^In the charm complex on the other hand AMd is dominated by long distance dynamics within 
the Standard Model. 
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